For many decades the word "entanglement" has been firmly attached to the world of quantum mechanics, as is the phrase "Bell violation". Here we introduce Shimony-Wolf fields, entirely classical non-deterministic states, as a basis for entanglement and Bell analyses. The difference between classical and quantum phenomena is sometimes difficult to pin down because distinctions can be prescribed in a number of inequivalent ways. This is a reason for the notorious obscurity of the quantum-classical border. State superposition is an essential quantum attribute, but it is not exclusive to quantum physics since all linear wave phenomena share it. Entanglement is often regarded as the quintessentially nonclassical aspect of the physical world, and a quantum-classical distinction is provided by Bell-violation experiments. Here we report a theoretical analysis and a related experiment regarding the quantum-classical border as probed by Bell tests with classical waves. We employ what we suggest can be named Shimony-Wolf fields or states for this purpose. Next we call attention to Shimony's reviews [9] of the consequences of Bell's inequalities.
The difference between classical and quantum phenomena is sometimes difficult to pin down because distinctions can be prescribed in a number of inequivalent ways. This is a reason for the notorious obscurity of the quantum-classical border. State superposition is an essential quantum attribute, but it is not exclusive to quantum physics since all linear wave phenomena share it. Entanglement is often regarded as the quintessentially nonclassical aspect of the physical world, and a quantum-classical distinction is provided by Bell-violation experiments. Here we report a theoretical analysis and a related experiment regarding the quantum-classical border as probed by Bell tests with classical waves. We employ what we suggest can be named Shimony-Wolf fields or states for this purpose.
First we note that observations, demonstrations and even applications of non-quantum wave entanglement exist. They exploit non-separable correlations among two or more degrees of freedom (DOF) of optical wave fields. In the past few years such applications have achieved notable successes including the resolution of a long-standing open issue concerning
Mueller matrices [1] , unification of competing interpretations of degree of polarization [2] , and application of the Bell measure as a new index of coherence in optics [3] . These developments followed even earlier explorations of non-separable DOF correlation, both theoretical and experimental, in optical wave fields [4] [5] [6] [7] [8] .
Next we call attention to Shimony's reviews [9] of the consequences of Bell's inequalities.
He identifies three facts of quantum Nature that must be recognized by any system S produced for testing. In his words, these are: (I) In any state of a physical system S there are some eventualities which have indefinite truth values.
(II) If an operation is performed which forces an eventuality with indefinite truth value to achieve definiteness [...] the outcome is a matter of chance.
(III) There are 'entangled systems' (in Schrödinger's phrase) which have the property that they constitute a composite system in a pure state, while neither of them separately is in a pure state. (Here by eventualities Shimony means measurement outcomes.)
As it happens, within the well-known classical theory of optical coherence (see Wolf [10] ) there are statistical states that satisfy all three criteria. One quickly sees that the usual expression for the classical electric field vector of a transverse wave,
is an entangled combination of the DOF for polarization and transverse amplitude, and because the amplitudes are understood as stochastic variables, the field takes a definite value only when it is observed. Beyond its probabilistic indeterminacy, the E in (1) A prompt response to such questions could be to say that existing observations of Bell
Inequality violations [11] [12] [13] [14] [15] argue that classical systems are unable to provide the strong correlations predicted by quantum theory and attained when tested. The reply is that all such tests were made by particle detection, which is not the subject here. It is known that
Bell inequalities can be tested with DOF-entangled classical wave fields, as was demonstrated by Borges, et al. [7] , for example. But such tests of classical fields have all employed a field similar to E =v ψ v ( r) +ĥ ψ h ( r), where ψ v ( r) and ψ h ( r) are prescribed orthogonal field modes. Their determinate character, lack of statistical indefiniteness, means that such fields can be written in fully separable form, E =ûF ( r), at any location in the wave field -it is fully factorable at position r (the same as 100% polarized) in the directionû defined by
We will adopt Dirac-type notation for Shimony-Wolf vectors: E → |E ,x → |x , etc., where we use boldface to emphasize the two-space character of the field:
We designate I = E|E = E x |E x + E y |E y as the intensity. To treat any partially coherent optical field (e.g., sunlight), we engage the powerful Schmidt Theorem [16] which allows us to write the intensity-normalized classical field as:
where the real κ j satisfy κ 2 1 + κ 2 2 = 1. The |u s are Schmidt-rotated versions of |x and |y in lab space, and the |f s are linear superpositions of (typically infinitely many) orthogonal functions making up the field components [17] . Significantly, there are only two |f s that enter because the Schmidt Theorem selects the only plane in the infinite-dimensional continuous function space that is relevant for combination with |x and |y . In effect, an optimal two-way renormalization has been made, which yields pairs of orthogonal unit vectors for both the polarization and amplitude DOF: u 1 |u 2 = f 1 |f 2 = 0. The coefficients κ 1 and κ 2 account for the different partial intensities of the two terms, and they equal 1/ √ 2 in the completely incoherent (fully unpolarized) case.
We now demonstrate that these classical Shimony-Wolf states have much more than a notational relation with quantum theory and are ideally suited for probing the specific quantum-classical interface defined by Bell inequalities. Bell's agenda [18, 19] led him to focus on the joint probabilities and correlations across two vector spaces, and the ClauserHorne-Shimony-Holt (CHSH) inequality [20] provides the best-known mechanism for this.
The CHSH inequality arises from a combination of correlations defined by a set of con- 
where a is the rotation angle. The two vectors obviously remain orthogonal for any angle a: Finally, the joint correlation between the lab (u) and function (f ) spaces can be written
where
2 | is the difference of two projectors (analogous to the z component of a σ operator). C(a, b) is thus a combination of various joint probabilities such as:
The probabilities P kl (a, b) with k, l = 1, 2 all have familiar roles in classical statistical optics [21] .
Gisin [22] observed that any quantum state entangled in the same way as the ShimonyWolf pure state (11) will permit CHSH inequality violation. The same result is true here, as one uses only DOF independence and properties of positive probabilities and normed vectors to arrive at it. We adopt the same approach [23] and obtain the familiar CHSH result:
where, as usual,
and a, a ′ , b, b ′ are arbitrary rotation angles. The only unfamiliar feature is that e|Z u (a)|e and e|Z f (b)|e both lie anywhere in the continuum between −1 and +1, rather than taking the discrete values ±1, since we have no quantum particles to be detected or counted, but rather classical light beams with various intensities.
We now describe a sequence of Bell test experimental measurements with a classical non-deterministic Shimony-Wolf wave field. The experiment is designed to evaluate B via the correlation functions C(a, b) through measurements of the joint probabilities P kl (a, b).
For simplicity, we will describe only the recording of P 11 (a, b) in detail. Although the fielddetection exercise takes place in a pair of two-dimensional state spaces, in common with Bell tests using particle detection, a new challenge is presented by the angles b and b ′ in stochastic function space. This is because there is no standard technology to control rotations in an infinite-dimensional function space, and such control is needed to obtain the required four independent evaluations of correlation.
The experimental setup, shown in Figure 1 , has two major components: a source of the light to be measured, and a Mach-Zehnder (MZ) interferometer. The source utilizes a 780 nm laser diode, operated in the multi-mode region below threshold, giving it a short coherence length on the order of 1 mm. The beam is incident on a 50:50 beam splitter and recombined on a polarizing beam splitter after adequate delay so that the light is an incoherent mix of horizontal and vertical polarizations before being sent to the measurement area via a single Stokes parameters S 1 , S 2 , S 3 (normalized to S 0 = 1) for our nearly unpolarized source are evaluated as (−0.0827, −0.0920, −0.0158), providing DOP = 0.125 (see [21, 23] ). This fixes B = 2.817 as the maximum ideally possible value able to be achieved for the experimental field.
In Fig. 1 To determine the joint probability P 11 (a, b) of the test beam |E , the first step is to project the field in the lab space to obtain |E 
where I a 1 is the intensity, and c 11 and c 12 are normalized amplitude coefficients with |c 11 | 2 + |c 12 | 2 = 1. Here c 11 relates to the joint probability in an obvious way:
One sees that the intensities I and I a 1 can be measured directly but not the coefficient c 11 . For P 11 (a, b) our aim is to produce a field that combines a projection onto |f b 1 in functionspace with the |u a 1 projection in lab space. The challenge of overcoming the lack of "polarizers" for projection of a non-deterministic field onto an arbitrary direction in its infinitedimensional function space is managed as follows by employing the auxilliaryĒ field in the left arm [24] . We pass it through the lab space polarizer rotated from the initial basis |u 1 by a specially chosen angle s, so that the statistical component |f Some simple arithmetic will immediately provide the joint probability P 11 (a, b) in terms of various measurable intensities:
Other P kl (a, b) values can be obtained similarly by rotations of polarizers a and s. To make measurements, polarizers a are simultaneously rotated using motorized mounts, while the third polarizer s is fixed at some value. For each angle, measurements are made at detector D1 for the total intensity I T , and the separate intensities from each arm I a andĪ a by using the shutters S alternately. From these measurements C(a,b) can be determined and Eq (7) is used to evaluate the CHSH parameter B. In summary, we defined a field or state to be classical and therefore not quantum mechanical in any way, but required it to satisfy several quantum-like conditions. Its bipartite pure state form demonstrates the clear entanglement of its independent degrees of freedom.
This is in common with pure two-party quantum systems. It is dynamically probabilistic, meaning that individual field measurements yield values that cannot be predicted except in an average sense, another feature shared with quantum systems but also associated for more than 50 years with well-understood and well-tested optical coherence theory [21] . Such so-called Shimony-Wolf states that embody this combination of features have a range of correlation strengths that is restricted by the conditions of the CHSH Bell inequality. Experimental tests showed that the Shimony-Wolf states violate the same inequality proved for them, attaining Bell-violating levels of correlation similar to those found in tests of quantum systems [25] .
The explanation for the CHSH inequality violation is not hard to find, but is important because it makes yet another connection between classical Shimony-Wolf states and quantum systems. We recall that hidden variables were allowed by Bell (and in the CHSH derivation)
to be present and to act on the bipartite degrees of freedom, and to induce correlations between them. But so long as the observation made on one of the parts of a tested system are independent of observations made on the other part, a Bell inequality will limit those and then used for calculation of the degree of polarization (DOP) (see [1] ), i.e.,
This is then used to find the Schmidt coefficients κ 1 and κ 2 of the Shimony-Wolf light field:
According to [2] one finds
Determining the stripping angle s
This section introduces in detail how a projection in the lab space works effectively as a stripping of a basis (e.g., the component |f 
Obviously, one notes from the second term of the equation that a properly chosen polarizer that blocks completely the polarization component κ 1 sin b|u 1 + κ 2 cos b|u 2 will effectively strip off the function space basis |f
Such a stripping polarizer can be defined as a rotation of the lab space basis |u 1 by an angle s, i.e.,
Then the stripping condition is directly given as
Some simple arithmetic leads to the following restriction on the rotation angle s:
which is determined by the values of κ 1 and κ 2 for any rotation angle b.
As a result of this stripping polarizer, the beam (13) becomes
Apparently, the function space component |f 
CHSH inequality
In this section we provide details of the derivation of the CHSH inequality [3] for classical statistical light beams. As introduced in the Letter, a classical light field can always be decomposed into the optimum Schmidt form (11) . To follow convention we name the lab space containing |u 1 , |u 2 as party "A", and the statistical function space with |f 1 , |f 2 as party "B".
To examine the beam (11) in lab space, one makes measurements in an arbitrary polarization-rotated basis |u a 1 , |u a 2 . We designate the measurement result in this basis as A(a), which takes the maximum value 1 if all the light is registered in basis |u a 1 , and −1 when all the light registered in |u a 2 . Consequently, for the most general case when the light contains both polarization components the measurement result can be defined as
where P (u a k ) with k = 1, 2 is the probability of finding the statistical light beam in lab basis |u a k . The normalization condition P (u a 1 ) + P (u a 2 ) = 1 is satisfied. By this definition one notes that A(a) is exactly the Stokes parameter S 1 [1] in the corresponding basis, and it is continuously varying between −1 and 1.
Similarly one can characterize the measurement of the light beam in the effective twodimensional function space by defining an analogous measurement result as
where P (f 
As usual, measurement outcomes in "A" space are assumed to be independent of measurements and setups made in "B" space, and vice versa, so we have in terms of measurement results the simpler forms A(a, {λ}|B) = A(a, {λ}) and B(b, {λ}|A) = B(b, {λ}). It is important to note that this assumption does not exclude possible correlations between the measurements in the two spaces, i.e., the outcomes in both spaces may still be related be- 
